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Abstract. The use of digital learning environments has exploded during 
recent years, transforming learning at its core. At the same time, we know 
little about how this transformation affects younger students, still about to 
grasp basic concepts in STEM-subjects. This study explores the difference 
between interaction with physical or virtual representations when learning 
about areas of parallelograms. 94 middle-school students participated in the 
experiment, designed as an ordinary classroom activity. The students 
interacted with a physical deck of cards and a plastic frame – or with virtual 
representations of these objects – during two lessons. After that they took a 
test. The results reveal that even if there were no significant difference 
between the two conditions when it comes to applying the correct formula 
for areas of parallelograms, the students in the physical condition better 
grasped the concepts of height and base than the students in the virtual 
condition. This knowledge, in turn, correlated positively to the 
understanding of the area formula for parallelograms. These findings 
indicate that specific actions and/or interactions, facilitated by a physical 
material and the use of pen and paper, may be truly beneficial for acquiring 
knowledge in geometry and spatial reasoning.  

Keywords: Elementary education, Mathematics, Virtual interaction, Physical 
interaction, Embedded cognition and learning. 

1   Introduction 

The rapid growth in educational technologies over the last decades has 
transformed teaching and learning in a multitude of ways. Not only has the 
traditional use of pen and paper often been replaced by interactions with mouse, 
keyboard, and touchscreen, but digitalization has also led to new ways of 
manipulating, creating, and interpreting representations. By utilizing technical 
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and/or advanced multimodal interfaces, learning systems can today be equipped 
with affordances that are hard (or even impossible) to provide with traditional 
tools and materials. This could be everything from modeling or simulating 
biological processes [1] to the use of dynamic feedback when solving physics-
problems [2] or facilitating collaboration with the help of web 2.0-technologies [3]. 
Clearly, such tools affect learning and knowledge building on several levels. This 
does not only apply for older students, but also for younger ones, who today may 
get in touch with much more advanced processes and models than they did only 
20 years ago [4], [5].   

However, even if sophisticated digital tools can add value to more static 
classroom materials – and especially so to traditional textbooks – the vast majority 
of today’s educational software is designed around quite well-known and trivial 
exercises, such as basic math problems, writing and spelling, or simple laboratory 
assignments. Such applications do not only contain quite limited interaction 
(clicking, dragging, swiping etc.), but the digitalization often also makes some 
exercises superfluous – such as measuring a length, drawing a coordinate axe, 
weighing an object, and similar. At the same time, digital tools can provide 
students with automatized immediate feedback, as well as more individualized 
tasks or other adaptations. The question is if these differences matter, and whether 
one learning environment leads to the same learning as the other.  

In the present study, the focus is on middle school students’ learning of 
geometry, comparing two versions of an interactive material – one virtual and one 
physical – for teaching and learning about areas of parallelograms. There are 
several reasons for this experimental design: First, basic Euclidian geometry is 
profoundly anchored in our physical spatial reality, which might imply that a 
material’s physicality could have an impact on learning. However, geometry is 
also, in its core, about transferring spatial real-world phenomena to more abstract 
rules and formulas. This might, in turn, imply that a virtual and ‘semi-abstract’ 
material could function as a catalyst between the real world and symbolic 
formulas. Moreover, previous research shows that different types of interactive 
materials vary in how effective they are at mediating geometric relationships [6], 
[7], [8], which can make them more or less suitable in an exploratory learning 
context. 

2     Related Research 

This study relates to three main topics, all vividly debated in contemporary 
research; the difference between learning with virtual or physical representations, 
how geometrical understanding may be enhanced by interaction with different 
types of materials, and the potential with a theoretical framework of embedded 
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cognition (EC) for studying and modelling students’ knowledge acquisition. These 
aspects are tied together to frame the research questions. They also provide a basis 
for the experimental methodology and for the analysis of gathered data.  

2.1 Learning by Using Virtual or Physical Representations  

To quote Palmer: “A representation is, first and foremost, something that stands 
for something else.” [9, p. 262]. Even though we perhaps often think of 
representations as being more abstract than the physical objects/processes/events 
they are supposed to represent, they do not necessarily need to consist of symbols, 
diagrams, or schematic models. Representations can just as well be tangible and 
physical objects with specific features and properties – representing different 
things depending on the learning context. A tennis ball can, for instance, be used 
as a representation of a planet or a sphere, but also for demonstrating a trajectory 
for a moving/falling object, or in a discussion on economic value theory. If we 
choose representations with care, they can help mediate an understanding of 
relations and rules in a series of phenomena, helping us to generalize but also to 
comprehend when and why certain rules apply and when they don’t. This is 
especially important in STEM-subjects, where complementary representations also 
can be used to highlight differences and similarities between various objects or 
functions (this is most of all emphasized in the theoretical framework of variation 
theory, see for instance Marton [10].  

One particular type of representations is interactive tools and objects, often 
referred to as manipulatives. The use of manipulatives in educational contexts is 
not new, and especially not when it comes to academic subjects like chemistry, 
physics, and mathematics. A classic example in chemistry is multi-colored ball-
and-stick models [11]. And in mathematics, there are Cuisenaire rods, base 10 
blocks, and tiles for learning about fractions [12]. In physics, students can build 
simple electric circuits with light bulbs, batteries, and cables [13], or let objects 
slide on inclined planes to study forces of friction [14]. Today, all such materials 
have acquired virtual cousins, affording interaction, feedback, and a variety of 
displaying important information. The software is often easy to access and 
administrate, and while concrete manipulatives (tiles, blocks, geometric figures 
etc.) and physical tools (springs, balance scales, compasses, rulers etc.) sometimes 
can be quite demanding for students to handle, virtual interfaces can be designed 
to facilitate laboratory setups and minimize mistakes [15], [16]. A system can also 
be designed to scaffold the student to focus on specific properties or actions by 
eliminating distracting features or by adding constraints in the virtual 
environment [15], [16]. 

A lot of studies comparing learning from virtual or physical representations 
target older students, revealing mixed results [15], [17], [18], [19]. Studies targeting 
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younger students are more uncommon, but equally heterogeneous. To give an 
example: In a study by Pavlou et al. [20] the researchers evaluated preschoolers’ 
conceptual understanding in three different subject domains: learning about 
balance beams, learning about floating/sinking, and learning about springs. The 
children participated in an individual clinical interview for about 30 minutes, 
consisting of a pre-test, experimentation with either physical or virtual 
manipulatives, and a post-test. When learning about balance beams, there was no 
significant difference between learning with physical or virtual materials. 
However, when learning about sinking/floating, virtual manipulatives were found 
to be more beneficial than physical manipulatives, whereas the opposite was found 
when learning about springs. The authors conclude that even if haptic sensory 
input can be valuable for students with limited or no prior physical experience of 
the phenomenon that is being learnt, younger children may also misinterpret 
more superficial physical properties that have no bearing on the phenomenon as 
such (size/volume or the smoothness of a ball instead of its weight etc.).  

The lack of tangibility and sensory input is often put forward as the main 
difference between learning with virtual and physical representations. Other 
aspects studied when comparing different types of learning materials are the 
learning environment’s ease of use, its multimodality, its effect on cognitive load 
and engagement, the possibility to visually enhance critical features, or if one 
material supports embodied action schemas better than another [15], [17], [18]. 
What often is lacking in this line of research, however, is a more thorough 
investigation of exactly if and how certain interactions/manipulations/tasks align 
with specific learning outcomes. It is important to bear in mind that when a 
learning environment becomes digitalized, it is not just the physical objects and 
artefacts that are transformed into virtual ones, but also often the tasks, the 
instructions, and the feedback that comes with them.  

These issues have been pointed out by both Sarama and Clements [21] and 
Clark [22] – but has not always been addressed when performing comparative 
studies. There is thereby still a gap in present research regarding exactly what the 
students learn (or what skills they acquire), and what cognitive processes are 
affected when switching from one learning environment to another. After decades 
of debate about which learning format is 'the best', more recent research seems to 
be unanimous on the benefits of combining virtual and physical material in a 
structured way [15], [17]. Yet, exactly how this should be done is still to be agreed 
upon. Consequently, it is still of great interest to compare these two formats, not 
only from a pedagogical or didactive perspective, but also from a cognitive one.  
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2.2 Learning Geometry through Virtual or Physical Interaction  

Geometry is altogether about space. It’s about spatial properties and relations and 
about fundamental mathematical proofs. But it’s also about symmetry, structure, 
and grace – all unmistakable parts of our immediate outside world. By learning 
geometry, our physical and spatial reality gets predictable and logical. Euclidian 
geometry here plays a special role, since it not only provides us with indisputable 
spatial relationships (such as the Pythagorean theorem or that the sum of all angles 
in a triangle always is 180 degrees), but also tells us about how entities in space 
may covary or stay constant due to physical constraints and affordances. To give 
an example, a stretched string with a constant length may be used to form a circle 
with one area or a rectangle with another. This kind of knowledge is useful not 
only for engineers, architects, craftsmen, and artists, but for all people functioning 
in the modern world [23]. 

Even though some basic spatial skills seem to be innate [24], [25], learning and 
applying geometrical formulas is not an easy task, and many people find this 
difficult [26]. And even if a major part of the students in middle- and high school 
can memorize basic algorithms for standard figures, many do not really 
comprehend them [26]. Hence, many researchers and teachers state that to acquire 
more profound spatial skills, students need to shape, transform and interact with 
visual geometrical representations [27], [28], [29]. One way of scaffolding this is by 
using dynamic geometry environments (DGEs), where students work with virtual 
interfaces to construct and deconstruct geometric problems. DGEs have grown 
increasingly popular during the last decades, both as a pedagogical tool and for 
undertaking research experiments on students’ and teachers’ geometrical learning 
and understanding [26], [30], [31].  

As of today, most studies compare the use of DGE’s with traditional paper-and-
pencil instruction or with more static exercises and calculations [26], [30], [31]. 
Not surprisingly, such inquiries reveal strong benefits of DGE’s – even though 
they seem to be more effective at higher levels than at lower ones [31]. It should 
also be emphasized that, in many cases – and especially when younger students 
are concerned – simple artefacts can also provide students with rich information. 
It is, for instance, possible to teach aspects of symmetry by folding and cutting 
papers [32]. In a similar fashion cardboards can be used for teaching about 
trigonometric ratios [33], and strings with fixed lengths can be used for reasoning 
about relations between perimeters and areas [34].  

Other important skills for solving geometry problems are i) to acquire and apply 
a correct terminology [32], to ii) be able to categorize, separate and compare 
different figures [10], and iii) to draw [35]. The importance of drawing skills in 
geometry is emphasized by a series of researchers, stating that students should 
preferably be taught how to transfer a verbal description to a simple hand-made 
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figure or diagram [35]. Even if virtual learning environments may support 
different types of interaction, they sometimes deprive students of this kind of 
activity – at least to some extent. To give an example: In the well-known virtual 
interface GeoGebra, a user may draw a circle by clicking on a coordinate and 
typing a radius. This is all very smooth and convenient – but should not be fully 
equated with drawing a circle using a compass – or by drawing a circle by hand. 
The tool does not only perform the physical actions for you; it also carries out a 
part of the thinking. Exactly how this may affect learning, however, remains to be 
investigated.  

To assure that teachers and educators don’t bring sand to the beach and, on top 
of that, deprive students of important spatial and sensorimotor experiences, we 
need to know more about the actual effects of digitalizing tasks and materials 
when teaching students geometry. We also need more knowledge about when 
physical materials can – or can’t – be replaced with virtual counterparts without 
changing the prerequisites for spatial and geometrical understanding.   

2.3 Theoretical Framework 

Learning can, of course, be described as a process where the learner takes in 
information with his or her senses, internalizes this information, and thereafter 
‘understands’ something. However, learning could also be thought of as a 
widening of associations between memorized facts and procedures and perceived 
problems and tools, where external and internal representations are used together. 
For instance, Schwartz and Goldstone [36] suggest that learning is first and 
foremost about coordination; Coordination between perception and action, 
coordination between symbolics and semantics, and coordination between 
memorization and understanding.  

As mentioned above, geometry is a subject where you don’t only ‘process’ 
external visual representations to ‘see’ possible solutions [37]. Instead, you interact 
with the representations, decompose them, restructure them, build new ones, and 
compare them – all in order to find recognizable and familiar patterns. For this 
you need a variety of tools and routines. Consequently, when studying learning of 
geometry, information-processing cognitive theories appear to be insufficient one-
way streets, ignoring the tight coupling between the external and internal world. 
We therefore suggest a more pragmatic and extended theoretical framework on 
cognition and learning, where such coupling processes may be accounted for, and 
where learning is not only seen as a pure mental activity, but also as an embodied 
practice – namely, the framework of embedded cognition. 

As opposed to classic cognitive theories, embedded cognition (EC) extends the 
unit of analysis from a single agent to larger systems, compiling other agents, 
artefacts and structures resided outside the agent’s own head. Thus, without 
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dismissing the importance of inner cognitive states, EC focuses on humans’ 
continuous “on-line” interaction with the environment, often as a way to off-load 
memory resources and reduce cognitive load. The paradigm not only 
acknowledges that cognition is aided or enabled by making use of the 
environment, but also that interaction with artifacts may change or enhance an 
individual’s cognition [38]. 

Not surprisingly, EC has frequently been referred to in studies on instructional 
manipulatives, stating that learning with such material involves a tight coupling of 
external artefacts with cognitive processes [39], [40], [41]. Put in the light of 
popular constructivist or ‘learning-by-doing’- pedagogies, where students are 
encouraged to acquire knowledge from inductive reasoning and exploration, such 
processes have also shifted from declarative-to-procedural to procedural-to-
declarative [42]. That is, by performing actions (sometimes well planned, 
otherwise heuristic or more random), new external representations are created. 
These in turn are perceived, interpreted, and linked to previous experiences and 
memories, which changes the learner’s cognitive state. In this process, a student 
may not only widen their understanding of a specific concept but also widen their 
imagination of future actions [43]. 

In all, using the EC framework when studying learning effects of virtual or 
physical manipulatives seems to be advantageous. However, if actions are regarded 
as a way to scaffold thinking – and, ultimately, learning and understanding – it is 
important to not only study the perceptual differences between learning 
environments but also to thoroughly investigate whether and how specific tasks 
and observable behaviors relate to specific learning outcomes. It is equally 
important to bear in mind that not all actions are consciously reflected upon [44], 
that active engagement does not equalize learning [45], and that feedback is easily 
ignored [46], [47]. Thus, even if EC places the learning material – together with 
the learner’s actions – at the center of the analysis, it is essential to maintain a 
critical perspective on this type of learning-by-doing activity.  

3      Research aims and research questions  

The goal of the present study is to evaluate if and how two versions of 
manipulatives, aimed at teaching middle school students about areas of 
parallelograms, will affect learning and understanding. Still, we are not only 
interested in comparing if and how physical and virtual manipulatives may be 
cognitively interpreted or perceived, but more in how a digitalization of a physical 
material can affect the learning situation as a whole. That is, what happens when 
physical tools and pen- and paper-based exercises are transformed into screen-
based interactions? What tasks and manipulations may be added, replaced, or 
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removed? And how do the students interact with the material as such; how do 
they react to it, what do they do with it, and how may this, in turn, affect what is 
learnt and why? More specifically, our research questions were:  
 
Research question 1 (RQ1): Will the two different materials – physical/virtual – 
lead to different interactions/manipulations, or will one material facilitate more 
interactions, or faster interactions, than the other? If so, in what way? 
 
Research question 2 (RQ2): Will the two different materials – physical/virtual – 
lead to different learning outcomes? And are these somehow related to the 
interactions made?  
 
Although the research questions indicate possible relationships between learning 
materials, interactions, and performance, it is still unclear which learning material 
will be more effective. And since the materials (virtual/physical) will shape the 
learning situation in different ways, confounds will inevitably be added to the 
experimental setup. Students in different conditions will thereby spend time on 
different tasks and actions. This is a well-known problem when making 
comparisons between virtual and physical learning environments [18], [48]. 
Consequently, the study takes an explorative approach, focusing on how the 
digitalization of a learning material in geometry will affect everything from task 
design to interactive behavior and students’ understanding. 

To address the research questions, an experiment with both quantitative and 
qualitative data collection was designed. The experimental setup was also adapted 
to a traditional classroom environment, making it possible to evaluate a realistic 
learning situation, taking place every day in ordinary schools all over the world. 

4 Method  

The study presented in this paper is inspired by the work of Cavalieri [49], in 
which he demonstrates how some properties of shapes and objects may vary while 
other properties remain unchanged [50]. Cavalieri’s principle states that if two 
two-dimensional figures have the same height and the same width at every point 
along that height, they also have the same area. If the figures also have the same 
height along every point along the width, they constitute parallelograms, making 
the area equal to the base times the height (A = b × h). The principle can be taught 
by inductive reasoning, either by letting students perform repeated calculations on 
different figures, or by making them transform objects and shapes and reflect over 
what varies and what stays the same.  
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In this line of instruction, Sayeki and colleagues [8] tested a constructivist-
inspired method for teaching middle-school students about areas of 
parallelograms. The students participated in a series of lessons with two 
manipulatives: a tile of papers and a paper frame (slightly higher than the paper 
tile), reshaping them into different figures (see Fig. 1). The tile was also inserted 
into the frame, and by tilting the frame and papers together, the students saw how 
the two frontal areas of the tile and the frame merged into one and the same. 
Sayeki et al.’s method was very successful, leading to significantly deeper learning 
than a conventional method where the students cut out parallelograms in paper. 
The researchers concluded that this effect could be due to the consistency of the 
use of the same model for a wide variety of different shapes. 

 

Fig.1. Sayeki and colleagues’ material for learning about areas of parallelograms: A tile of 
papers and a paper frame (left), and the cards inserted into the frame (right). 

Even though Sayeki and colleagues’ material was introduced to the students by 
a teacher – who also guided them through the lessons – we considered the frame 
and the deck of cards to be sufficiently self-explanatory to be used in a more 
exploratory learning setting. Given that the students understood the area concept 
and had previously calculated areas of traditional rectangles, we were confident 
that a well-designed material, accompanied by an introduction to specific terms 
and concepts (such as length, height, base), would be sufficient to make the 
students aware of the critical aspects of the area of parallelograms.  

4.1 Materials  

In this study, two versions of Sayeki et. al’s material were created, representing 
two experimental conditions – one physical and one virtual. The physical stimuli 
comprised a deck of cards (all white and totally blank) and a plastic tiltable frame, 
accompanied by written instructions and pen and paper (see Fig. 2). The virtual 
material consisted of a web-based interactive interface with two-dimensional 
virtual representations (Fig. 3), containing the same questions as the physical 
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material. An initial version of the application was tested between 2020 and 2021 
[51], [52], whereafter it was revised and extended.  

In the physical condition, the participants transformed the cards and the frame 
into different shapes, drew figures and answered questions by hand. They were 
also provided with an answer key and were encouraged to compare their own 
answers with the correct solutions. In the virtual condition, the participants 
interacted with the representations on a tablet, shaping them and tilting them, and 
saving them on screen. They also received automated feedback (right/wrong) on 
their answers.  

The first batch of exercises consisted of creating a series of different shapes with 
the cards, answering true/false questions about the area, base, and height of these 
shapes, and suggesting proper area calculations for them. After that, a number of 
other parallel and non-parallel shapes (such as trapezoids) were presented. The 
participants were asked to tell whether these would be possible to create with the 
deck of cards or not and answer multiple-choice questions about the proper area 
formula for them. Finally, the participants filled in missing spatial measures in a 
set of parallel figures.  

The second batch of exercises were about interactions with the frame and 
questions about if and how its properties (base, height, area) changed when it was 
tilted. The cards were then inserted into the frame, and the participants were 
asked if they thought it would be possible to tilt the frame so that the cards would 
fill it. After guessing, they were instructed to try it out and to calculate the area 
for the new merged figure. The exercises ended with some additional questions 
about parallel and non-parallel figures and their spatial relations.   

Since the main focus of this study was to compare two similar materials – and 
not to evaluate the potential with more advanced educational software – we did 
not introduce any extra intelligent features in the virtual learning environment. 
The content was therefore the same in both conditions, although some of the tasks 
differed. For instance, while the participants in the physical condition marked out 
the base and height in their own drawings, these representations were only 
displayed on screen in the virtual condition (together with the shaped virtual 
figures). In the virtual condition, the tasks also had to be solved one after another, 
and some exercises had to be repeated until they were correct. This restriction was 
impossible to ensure in the physical condition. An overview of the differences 
between the two conditions is presented in Table 1. 
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Fig. 2. The physical stimuli: The deck of cards, the frame, and pen- and paper-based 
questions and answers.  

 

Fig. 3. Example from the virtual stimuli: The two-dimensional representation of the deck of 
cards (upper left) together with questions about the cards and automated feedback (upper 
right). The virtual frame together with questions about its base, height, sides, and area 
(lower left) and the merging exercise with the frame and cards together (lower right).  

Table 1. Summary of the stimuli and type of interactions in the two conditions 

  Physical condition  Virtual condition  
  
Material  

Pen and paper  
Physical deck of cards  
Physical frame  

Application on tablet (touch-
screen interaction)  
Virtual deck of cards  
Virtual frame  

  
Creation/handling of  
representations  
  

Drawing by hand  
  
Marking base and height 
in drawn figures  

Saving shapes on screen  
  
Height and base displayed on 
screen  

Correction of answers  By hand – comparing 
own answers with 
correct ones  

Automatic feedback (right/wrong)  
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4.2  Participants  

The study was based on a quasi-experimental between-group mixed-methods 
design comprehending both quantitative and qualitative data. Four 5th grade 
classes from two schools in southern Sweden were recruited to participate in the 
experiment. Since it was difficult to enroll more classes/schools at the time – 
possibly due to the aftermath of the Covid19-pandemic – the number of students 
(97 in total and between 11 and 12 years of age) was considered to constitute a 
sufficient sample for investigating the research questions, despite the sample’s 
modest statistical power. Although the students’ attendance in this case fell under 
the teachers’ consent, the students as well as their parents were given thorough 
information about the purpose and content of the study. They were also given an 
opportunity to decline any use of their data (a choice no one actually made). After 
data collection, all data were anonymized.   

Before engaging the students with the materials, the teachers provided 
assessments for the students’ mathematical achievement levels (lower, medium, 
and higher). These were used to ensure that students in different 
conditions/groups had approximately the same level of expertise and same amount 
of prior knowledge in the subject. Each class was divided in two groups – with 
each group assigned to either the virtual or physical condition. In two of the 
classes, we used natural groups, since their regular math lessons were already 
carried out in half-class. For the other two classes, we used the teacher 
assessments to form balanced groups. In this case we let the students conduct the 
experiment in a separate room next to the regular classroom, one condition/group 
at a time. 

4.3  Procedure  

Since students can experience anxiety about mathematics and may hold strong 
feelings about their own mathematical abilities (or lack thereof), we relied on the 
teacher’s assessments to ensure similarity between groups and chose not to burden 
the students with a mathematics pre-test. We also told the students that the 
purpose of the study was to evaluate the learning material itself, and not them per 
se. It should also be noted that according to the teachers, all students were familiar 
with basic area calculations, although only for traditional rectangles and triangles.  

The students engaged with the physical or virtual material during two lessons 
(roughly 40 minutes each) with one week in between. As stated above, these were 
conducted with half the class at a time, assigned to either the virtual or physical 
condition. To refresh the students’ geometrical knowledge, the lessons started 
with a 5-minute-long introduction video – presented in front of the class – going 
through basic geometrical terminology (base, height, length, area). To avoid 
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confounds stemming from teacher guidance, the regular classroom teacher was 
asked to step back and not provide additional pedagogical support. Instead, the 
students were supervised by the research team, who offered only minimal 
assistance in solving the tasks. Although this may have reduced students’ learning 
opportunities, it allowed the effects of the learning material itself to remain 
central.  

The students worked in pairs, with two students sharing one set of material 
(tablet or papers/cards/frame). The reason for this cooperative design was twofold: 
First, we were slightly concerned about the difficulty level of the tasks, 
anticipating that cooperation would help less competent students to reach a better 
understanding. Second, by letting the students talk to a peer, it became possible to 
gather information about their mathematical reasoning. To be able to deduce the 
task solutions from a pair to both students in an equal manner, students with 
similar mathematical achievement levels were grouped together. The tablets used 
were the schools’ own regular devices, consisting of simple units without multi-
touch or other advanced features, and as described above, the digital interface 
consisted of a web-based application. 

One week after the second lesson, the students took a paper-based post-test, 
mainly consisting of multiple-choice questions covering three types of shapes: 
traditional parallel figures, rotated parallel figures, and non-parallel figures (see 
Fig. 4 for an example). The students were also asked to mark out base and height 
in two parallelograms, and the test ended with a set of free recall questions where 
the students were i) asked to remember two card figures from the lessons and 
draw them, and ii) asked if they could report on differences and/or similarities 
between the deck of cards and the frame. The latter question was added to 
investigate that the students were aware that the two manipulatives 
complemented each other (in the way that was concluded in Sayeki et al.’s study).  

 

Fig. 4. Example of a multiple-choice question from the post-test 

The absence of a “I don’t know”-answer in the test allowed the responses to 
provide diagnostic information about which conceptual alternative participants 
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considered most plausible. It also ensured that all participants contributed 
information to each item, increasing statistical power. 

4.4  Data Collection  

Data from the lessons in the virtual condition was obtained through time-stamped 
log files that registered all clicks, interactions, and virtual shapes. Data from the 
physical condition was obtained from the notes and drawings made on paper. 
Since one set of data originated from two students working together, we divided 
each dataset into two equal parts, on the assumption that each student contributed 
approximately half of the data. 

During the lessons, there were three experimenters present. One researcher 
supervised the class and addressed practical/technical problems, answered 
questions from the students etc., while two researchers took notes on the students’ 
conversations (by hand). Each notetaker sat next to one student pair at a time, 
close enough to hear their conversation but far away not to disturb them. The 
notetaker stayed with the pair for a couple of minutes before moving on to the 
next, until all students had been supervised and the lesson had come to an end.  
The conversations were later transcribed by the first researcher (not taking the 
notes). No other video or audio recordings were made.  

Data from the paper-based post-tests were transcribed and the qualitative 
answers were evaluated by two researchers independently (see also section 5.2 
below).  

5    Results 

In sum, 95 students participated in the first session, while only 85 participated in 
the second. No data had to be removed from the analysis.  

5.1  Interactions   

When it comes to the students’ performed interactions and/or created 
representations, we analyzed four principal activities: i) The number and type of 
created shapes with the virtual/physical deck of cards, ii) if the students merged 
the cards and the frame or not, iii) the number of correct markings of base and 
height (physical condition) compared to how many times the students had these 
concepts displayed on screen (virtual condition), and iv) the total number of 
repetitions per lesson (that is, if the students worked through the material more 
than one time).  
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Creation of Card Figures. To evaluate whether the card chapes differed between 
conditions, each shape – either saved on screen or drawn on paper – was classified 
as either slanted, curved, block-like or spidery. The number of card shapes per 
category and participant was then calculated.  

In sum, the virtual deck of cards was shaped into more figures than the physical 
one, although the number of card shapes in the virtual condition also had a larger 
variation: MPhys = 2.9, SD = 0.7, MVirt = 5.1, SD = 3.3. In addition, while the physical 
cards often were shaped into quite simple block-like figures – by putting piles of 
cards on top on one another – the virtual shapes had a larger variation, and were 
more often curved, tilted, or more artistic (see Fig. 5 and 6 for examples). The 
virtual deck of cards was also more often shaped into spidery figures, quite 
different from classical parallelograms (to the right in Table 2). However, several 
students in the physical condition found it difficult to depict the card shapes – and 
especially the slanted ones (see Fig. 5).   

 

 
Fig. 5. Sketches of card shapes with the physical deck of cards. 

 
Fig. 6. Shapes created with the virtual deck of cards (reconstructed by logfile data).  

The number of card shapes per participant in the physical condition were not 
normally distributed, as per a Shapiro-Wilks test: W (NPhys = 46) = 0.81, p <.001. 
The same was found for the number of card shapes per participant in the virtual 
condition: W (NVirt = 49) = 0.88, p < .001. A Wilcoxon rank sum test revealed a 
significant difference between conditions: W = 1622, p < .001. Evidently, the 
students in the virtual condition produced significantly more shapes – indicating a 
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more vivid and active interaction with the material. See Table 2 for a presentation 
of the statistics for different shapes.    

Table 2. Number of different types of card shapes per participant 

 
 

Condition    

 

 

S  No of shapes  
per participant 

 

 Slanted Curved Block-like Spidery Mean (SD) 

Virtual  
(N = 49) 

1.6 1.1 1.6 1.0 5.1 (3.3) 

Physical  
(N = 46) 

0.5 0.2 2.1 0.1 2.9 (0.7) 

  
Merging the Cards and the Frame. In the second lesson, the students performed a 
set of exercises with the frame, as well as with the frame and cards together. 
Tilting the frame sufficiently, as well as successfully merging the frame and cards 
into a single area, has been shown to be essential for learning with this type of 
material [8], [52]. The tilts of the virtual frame (empty as well as filled with cards) 
were evaluated by analyzing the coordinates of the frame’s corners from the data 
logs. The tilts of the physical frame were evaluated by studying drawings made 
from the second lesson. 

All students, in both conditions, tilted the frame at least 45 degrees when it was 
empty. When it comes to merging the frame and cards together, all students in the 
physical condition completed this task, while 6 of the students in the virtual 
condition did not. Still, this difference was not significant, as per a Pearson’s chi-
square test: c2(1, NVirt, = 45, NPhys = 40) = 0.8, p = 0.37. Apparently, when it comes 
to fruitful interactions with the frame or with the frame and cards together, there 
was no significant difference between the virtual and physical condition.  

Marking or Displaying Base and Height. In the physical condition, the students 
were told to mark out base and/or height in their figures and thereafter compare 
these markings with the answer key. In the virtual condition, base and height 
were displayed on screen at the beginning of each lesson. In the virtual interface, 
the base and/or height were also shown on command, through a help-button. Yet, 
the students’ utilization of this feature differed, both between lessons/tasks as well 
as between participants.   

The students’ base/height markings from the physical condition were graded 
(incorrect/correct) by analyzing the students’ notes and drawings, while the 
displays on screen from the virtual interface were obtained through data logs. In 
average, the students in the physical condition draw 3.8 correct base/height 
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markings (Range = 0 - 9). The corresponding number for the ‘displays’ of base and 
height in the virtual condition was 3.6 (Range = 2 - 6). There was no significant 
difference between these measures, as was shown by a Wilcoxon rank sum test: W 
= 1083, p = 0.74. Evidently, when it comes to the number of visual exposures to 
the spatial concepts of base and height, there was no significant difference 
between the virtual and physical condition.  

Number of Repetitions. When observing the students during the lessons, it 
became clear that the virtual material in general was more rapidly gone through 
than the physical – an observation that was confirmed by the data logs. Hence, 
while some of the students in the physical condition barely succeeded with 
finishing all tasks during a lesson, some students in the virtual condition had time 
to repeat the exercises both one and two times – not only resulting in more 
interactions and figures, but also in more feedback.   

If counting the average number of repetitions per session for different 
conditions we get the following result: RepVirt: M = 1.3, SD = 0.4, RepPhys: M = 0.9, 
SD = 0.2. A Wilcoxon rank sum test confirmed that this difference was significant: 
W = 1802, p <.001. The number of repetitions and the number of created card 
shapes were also found to be moderately positively correlated r(80) = 0.57, p = 
<.001. Obviously, the students in the virtual condition repeated the exercises 
significantly more times than the students in the physical condition – a result that 
corresponds well to the higher number of card shapes that were created in the 
virtual condition.  

5.2 Scores on the post-test and possible relations to performed interactions  

Below, each part of the post-test is evaluated, first by comparing test scores 
between conditions, and then by linear regression analysis where the interactions 
and the condition are assumed to influence these scores.  

Base and Height. The participants were asked to mark the base and height in two 
parallel figures (see Figure 7). The most common error in the base markings was 
the accuracy of the marking’s length, while the most common error in the height 
markings was the direction. The concept of height seemed more difficult to grasp 
than the concept of base (even if this marking sometimes had a low accuracy), and 
many students confused the height with the length of the parallelogram’s side. For 
some reason, this error was more frequent in the traditional parallelogram (Fig. 7, 
left) than in the curvy figure (Fig. 7, right).  
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Fig. 7. Markings of base (bas) and height (höjd) for the two figures in the post-test. Example 
from a student in the virtual condition.  

Two researchers assessed the two figures by giving points for direction, length, 
and notation, resulting in a score between 0 and 1 per participant (Cronbach's 
alpha between assessments = 0.95).  Participants in the physical condition had a 
slightly higher score on this task than the participants in the virtual condition: 
MPhys = 0.80 (SD = 0.26), MVirt = 0.65 (SD = 0.32). This difference was shown to be 
moderately significant, as per a Wilcoxon rank sum test: W = 633, p < .05.  A plot 
presenting the scores on base/height task in relation to the base/height markings 
or base/height displays from the lessons reveals a possible relationship between 
these two variables, and especially so for the participants in the virtual condition 
(see Fig. 8).  

 

 

Fig. 8. Scores for base/height markings in relation to base/height markings or displays 
during the lessons with an indicative interaction effect for condition.  

Consequently, a linear regression analysis was performed with Base/Height 
score (BHScore) as dependent variable, and with the number of displays/markings 
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(BHnumber) and the condition (Cnd, Virtual/Physical) as independent variables, 
adding a possible interaction effect: 

BHScore = b0 +  b1BHnumber + b2Cnd + b3BHnumber:Cnd .  (1) 

The best linear regression model was fitted to the data set in a step-wise-step up 
procedure, resulting in the following: BHScore = 0.47+ 0.06×BHnumber + 
0.13×CndPhysical. The overall model was statistically significant, but had a weak 
fit (R2 = .13, F (2, 79) = 6.1, p < .01). Given that the model’s standardized residuals 
were not normally distributed, the exact relationship between BHScore and 
BHnumber should be interpreted with caution. The positive impact of the physical 
condition on BHscore is, however, confirmed by the non-parametric test 
presented above.  

To sum up these results, we can conclude that the students in the physical 
condition were significantly better at marking base and height in the post-test 
figures than the students in the virtual condition. This ability was mainly due to 
the type of the material (physical/virtual) but it was also related to the number of 
visual exposures to correct base/height-markings during the lessons. 

Free Recall Questions. In the free recall questions the students were i) asked to 
remember two card figures from the lessons and draw them, and ii) asked if they 
could report on differences and/or similarities between the deck of cards and the 
frame. Many students didn’t recall any card shapes at all, and only about half of 
them drew two figures that somehow resembled parallelograms. Several students 
also struggled with drawing parallel figures – a fact that was also noticed in the 
exercises in the physical condition (see Figure 5). Interestingly, this problem 
seemed to be most prominent for tilted figures with straight sides (that is, classic 
parallelograms). Examples of drawings of card figures in the post-test are shown in 
Fig. 9.  
  

 

Fig. 9. Sketches of card figures in the post-test. Example from a student in the virtual 
condition.  

Even if about half of the students did agree that the cards and the frame both 
had some differences and some similarities, most students did not elaborate on 
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these differences. And those who did, often answered something like “You could 
make different types of figures with the two materials”, or “If you had the deck of 
cards, you could shape it into a staircase, but with the frame you couldn't do that”. 
Very few students (3 in the virtual condition and 8 in the physical condition) 
elaborated with their own words on the geometrical properties of the 
manipulatives and compared them. However, these remarks were often very brief, 
stating things like “The frame’s area changed when we changed its shape, but the 
cards’ area didn’t”.   

The tasks were assessed by two researchers, grading the quality of the figures 
and the answers, and grouping them. This resulted in a score between 0 and 1 for 
each participant (Cronbach's alpha between assessments = 0.96). Participants in 
the physical condition had a slightly higher score on this part of the test than the 
participants in the physical condition: MPhys = 0.61 (SD = 0.29), MVirt = 0.53 (SD = 
0.29). However, this difference was not significant, as per a Wilcoxon rank sum 
test: W = 694, p = .20. A plot presenting the free recall scores in relation to the 
number of card-figures from the lessons shows no obvious relationship between 
these variables effect (see Fig. 10).  

 

 

Fig. 10. Scores for the free recall questions in relation to the number of created card shapes 
with an indicative interaction effect for condition (Virtual/Physical)  

Still, to evaluate whether the interactions with the deck of cards had any effect 
on the students’ capacity to remember the material from the lessons, a linear 
regression analysis was conducted with Free recall score as dependent variable. 
The number of card shapes (CardNumber), if the cards and frame were merged 
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together or not (Merge, Yes/No), and the condition (Cnd, Virtual/Physical) were 
chosen as independent variables: 

Free recall score = b0 +  b1CardNumber + b2Merge + b3Cnd . (2) 

Results were that none of the independent variables had any significant effect 
on Free recall score – most certainly due to the great variation ion the dataset.  

To conclude, students in both conditions had a hard time remembering the 
figures they had created during the lessons. They also found it difficult to 
elaborate on the differences between the deck of cards and the frame. The scores 
on the free recall questions were similar in both groups (physical/virtual) and were 
not related to the number of created card shapes. 

Areas of Parallelograms. A major part of the test consisted of multiple-choice 
questions with suggestions for area formulas for parallelograms (see Figure 5). The 
scores (e.g. proportion of correct answers) for these questions had a mean value of 
0.56 for the students in the virtual condition (SD = 0.25) and were not normally 
distributed, as per a Shapiro-Wilks test: W (NVirt = 45) = 0.93, p < .05. An analysis 
of the scores for the participants in the physical condition revealed a similar result: 
M = 0.53 (SD = 0.21), W (NPhys = 37) = 0.91, p <.01. A Wilcoxon rank sum test did 
not reveal any significant differences between conditions: W = 903, p = .51.  A plot 
presenting the ‘area formula scores’ in relation to the created card shapes shows no 
obvious relationship between these variables (see Fig. 11).  

 
 

 

Fig. 11. Number of created card shapes in relation to scores for area formulas with an 
indicative interaction effect per condition (Virtual/Physical).   
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Still, a linear regression analysis was performed with Area formula score as 
dependent variable, and with the number of card shapes (CardNumber), merging 
the cards and frame together or not (Merge, Yes/No), and the condition (Cnd, 
Virtual/Physical) as independent variables: 

 
Area formula score = b0 +  b1CardNumber + b2Merge + b3Cnd . (3) 

 
This revealed that none of the independent variables had any significant impact 
on these test scores. However, to explore whether the three different post-test 
scores were somehow related to one another, the correlation coefficient between 
scores for area formulas and the scores for the other two parts (base/height and 
free recall) were calculated. This revealed that while the capacity to correctly 
mark base and height in parallel figures was significantly positively correlated to 
applying the correct area formula for those figures (see Fig. 12), there was no 
significant correlation between the area formula scores and the scores for the free 
recall questions (see Fig. 13).  

To sum up these results, students in both conditions only succeeded in 
answering about half of the questions correctly on the post-test, regardless of how 
they interacted with the cards and frame during the lessons. However, although 
the post-test scores in the two conditions (virtual and physical) did not differ 
significantly, these scores correlated with the students’ ability to correctly identify 
the base and height in a parallelogram. In other words, the better the students 
were at identifying a figure’s base and height, the better they were at solving area 
calculations for parallelograms. 
 

  

Fig. 12. Base/Height scores in relation to scores for the area formula presented with 
Pearson’s R, revealing a significant correlation.   
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Fig. 13. Free recall scores in relation to scores for the area formula presented with Pearson’s 
R, revealing a non-significant correlation.   

5.3 Additional Findings  

When observing the students’ interacting with the material and one another, it 
became evident that the tasks were quite difficult for the students to understand. 
Outbursts like “What, I don’t get it – how can the area be the same in these two 
figures?” or “The area for this figure is impossible to calculate” were not 
uncommon. Some students were also insecure about the difference between 
perimeter and area, and they were sometimes confused.  

When it comes to differences in collaborative behaviors in the two conditions, 
it appeared as if the physical material was slightly easier to share, even if the 
students using this material also sometimes just played around with it. While the 
students in the virtual condition took turns interacting with the screen, the 
students in the physical condition often divided the material between them. That 
is, while one student read a question, the other manipulated the cards, or while 
one student created card shapes, the other one drew the two-dimensional 
representations etc.   

The pairs using the physical material also appeared having more in-depth and 
content-related conversations. To explore whether this was the case, the words in 
the observation notes were counted. Not surprisingly, since the virtual material 
often was gone through more quickly than the physical, the notes from the 
physical condition had more utterances than the notes from the virtual (7911 
compared to 5286). Still, if restricting the word count to words describing 
geometric properties of parallelograms (area, base, height, and length), this was 
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also true for the concepts of base and height (see Fig. 14). Clearly, the students in 
the physical condition more often used these concepts when discussing the figures’ 
properties and shapes than the students in the virtual condition.  
  

  

Fig. 14. Number of words in the observation notes that referred to the concepts area, 
height, base, and length. 

Examples from two conversations are presented in Appendix A, one from a 
student pair in the virtual condition, and one from a pair in the physical 
condition. Both these pairs have a quite clear understanding of what is meant to 
be learnt and how the figures work.  

5.4 Summary  

The goal of the study presented in this paper was to compare and evaluate two 
versions of a learning material – one physical and one virtual – aimed to teach 
middle school students about areas of parallelograms. In sum, the students were 
equally successful with grasping the correct area formula for parallel figures, 
independently of if they used the virtual or physical material – even though they 
performed different interactions with the material. Apparently, even if the 
students in the virtual condition produced significantly more shapes with the deck 
of cards and sometimes repeated the exercises several times, this did not lead to 
significantly better learning. And, in turn, the fact that the students in the 
physical condition sometimes struggled with drawing parallel figures and thereby 
created both less card shapes and less varied shapes did not seem to impair their 
learning.   

When it comes to understanding the concepts of base and height, many 
students confused the height with the length of the parallelogram’s side. The 
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students in the physical condition were, however, more successful with marking 
base and height for the figures in the post-test than the students in the virtual 
condition. The students using the physical material also discussed these concepts 
more often than their peers using the virtual material. The difficulty with grasping 
the concept of height was not totally unexpected. Still, the fact that some students 
thought that the height could differ depending on the figure’s shape – as is shown 
in Fig. 7 – was surprising.   

When it comes to remembering what they had done during the lessons, almost 
all the students had a hard time recalling any shapes or figures, and they could 
neither elaborate on if or how the frame and cards differed or not. Evidently, the 
multimodality and haptic sensory feedback in the physical condition were of no 
help in this regard, and the larger number of interactions in the virtual condition 
did not help either. 

Finally, it should be noted that many students had a hard time understanding 
the area formulas at all, resulting in modest post-test scores in general. If 
comparing these learning outcomes to Sayeki’s et al.’s study [8], they are 
significantly lower. It would probably have been better to test the material on 
slightly older students, with more prior knowledge of the area concept in general. 
Another option would have been to include more lessons and more guided 
instruction in the experiment. Moreover, Sayeki and colleagues did not – as far as 
we know – include rotated figures or non-parallel shapes in their post-test. These 
differences have most certainly affected the result – regardless of the material’s 
format (virtual/physical). 
 

6    Discussion  
 
The results of this study are more or less inconclusive, showing very modest 
differences in learning outcomes in geometry after interaction with virtual or 
physical representations. However, it does highlight that virtual and physical 
learning situations differ, affecting not only what the students do but also how 
they treat the material as such. Additionally, it reveals some of the problems with 
exploratory and action-oriented pedagogies for teaching geometric rules and 
spatial relations to young students with limited prior knowledge.  

6.1 Grounding Spatial Concepts with Different Types of Interactions 

Even if the scores on the post-test were low, we found a positive correlation 
between grasping the concepts of base and height and understanding the area 
formula. This was not surprising. Many of the students were quite quick memorize 
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that “the area is the same as the base times the height”, but, at the same time, they 
did not always understand what these concepts actually meant. If you believe that 
the height is the same as the length of the parallelogram’s side, it does not help to 
memorize the rule by heart. However, if you do understand what is meant by base 
and height, you just have to remember the formula to calculate the area correctly.   

That students at this age, with limited prior knowledge, can have very fragile 
and incomplete ideas about spatial terms and concepts is extremely important to 
bear in mind.  Studies investigating younger students’ learning and understanding 
of terms like height and length (and how they differ) seems, however, to be rare. 
Still, in a recent study by Schenke et al. [53], a digital educational game aimed to 
teach younger children on basic measurement concepts was tested on preschoolers 
(aged 4-5 years old). Interestingly, while the game had a good effect on the 
children’s understanding of weight (compared to a control group), it had only a 
modest effect on their understanding of length, and almost no effect at all on their 
understanding of height.   

The advantage of the physical material for understanding the concepts of base 
and height is probably due to the fact that students in the physical condition were 
asked to explicitly mark these in their drawn figures, whereas students in the 
virtual condition only attended to them on screen. The benefits of drawing when 
solving geometry problems have been pointed out by several researchers [35]. 
When students draw and copy geometric figures by hand or with hand-held tools, 
they not only improve their ability to draw but they also enhance their spatial 
understanding, discovering similarity, symmetry, congruency, and the like [54]. 
However, the importance of creating very simple representations by hand for 
understanding basic geometric concepts sometimes seems to be overlooked. 

Even if we explicitly have toned down the materials’ possible effect on 
perceptual processes and instead have focused on the students’ observable actions, 
we do not know whether the concept of height also was easier to actually 
interpret from the physical material. Theories on, for instance, haptic encoding, 
states that haptic feedback may provide important retrieval cues to visual 
information, offering opportunities for perceptual grounding as well as 
diminishing cognitive load [55], [56]. This, in turn, may help students to make 
more explicit connections between the perceived environment and target concepts 
[55], [56].  

Still, a more plausible explanation would be that students attended to and 
reflected on their interactions in different ways depending on the material used. 
That is, since the actions – as well as the result of them – not necessarily needs to 
be cognitively processed in the same way, different activities will affect the 
learner’s cognitive state in different ways. While the virtual material scaffolded 
intense on-screen interaction, the students using it were not obliged to 
consciously attend to the figures’ properties when solving problems. On the 

Interaction Design and Architecture(s) Journal - IxD&A, N.68, 2026, pp. 326 - 361 
DOI: 10.55612/s-5002-068-011

351



contrary; swiping, dragging and clicking might have been done without any 
greater cognitive processing at all – resulting in poor understanding of the 
geometric concepts.  

As a contrast, the students using the physical material was forced to attend to 
the figures’ base, height and shape, since they solved certain tasks by hand 
(drawing, marking etc.). Performing such tasks is impossible without active eye-
hand processing, consciously reflecting on how specific properties relate to one 
another. And, interestingly, even if the students often failed with depicturing or 
marking the shapes perfectly, this conscious processing clearly led to better 
learning. 

6.2 Learning-by-Acting versus Learning-by-Thinking  

That humans are strongly biased towards acting – with behavior emerging in 
parallel with conscious thinking – is consistent with recent action-oriented 
theories on human cognition [40], [57]. Research within situated/distributed 
cognition also suggests that humans tend to minimize cognitive effort, favoring 
action over pure deliberate thinking [58]. In fact, humans are often cognitively 
lazy, which is important to bear in mind when shaping learning experiences. 
Daniel T. Willingham expresses this problem in the following way: “People are 
naturally curious, but we are not naturally good thinkers; unless the cognitive 
conditions are right, we will avoid thinking.” [59].  

Willingham’s observation aligns closely with research in the science of 
learning, which emphasizes the role of well-structured instructional activities that 
are designed to support active thinking [60], [61]. It is, according to this view, 
naïve to believe that students will engage in active thinking spontaneously. 
Instead, learning situations should be designed to ensure that the students’ 
cognitive resources are directed toward meaningful processing – rather than 
wasted on mechanical actions, or on avoiding or managing cognitive load. 

In some ways, the digitalization of learning materials over the last decades have 
had the opposite effect – outsourcing cognitive effort, necessary for learning, 
while not necessarily diminishing load on working-memory resources and the 
like. And by promoting action, virtual learning environments have often gone 
hand in hand with constructivist pedagogies, assuming that active engagement 
and exploration would lead to fruitful learning outcomes. This assumption has 
since been shown to be, if not false, then at least illusory [62]. 
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6.3 Limitations and Future Work  

There are some limitations with the present study. First of all, the sample is 
relatively small. The students also worked in pairs, making it hard to assure that 
all students actually performed the interactions and/or solved the tasks in an equal 
manner. Another matter is the lack of pre-test. Even though we believe that a 
traditional math test could have contributed to higher levels of stress and anxiety, 
and especially amongst lower performing students, other type of tests could have 
been used. An appropriate exercise for assessing the students’ spatial skills could, 
for instance, have been a tangram puzzle, or some kind of educational funny 
game.   

We are also aware of that it would have been better using audio or 
videorecordings to capture what the students were saying. However, there is a 
tradeoff of having to much data compared to the main research questions. The 
main focus was to study learning and not students interactions. To our knowledge 
we did not exeperience that the students thought it was awkward having us there 
as they were discussing without looking or paying attention to the observers.  

When it comes to the materials in the two different conditions, we aimed for a 
high ecological validity, designing each one of the learning materials in a realistic 
way, corresponding to what such materials ‘normally look like’. One effect of this 
was that the tasks differed between conditions. These confounds makes it hard to 
know exactly which activities in the physical condition that were most important 
for learning – was it the actual interaction per se or was it the extra pen- and 
paper-tasks? To investigate this further, more restricted studies are needed. Still, in 
today’s edtech landscape this is how choosing between physical and virtual 
learning materials often look like. Either you work with more conventional pen- 
and paper-based tools, or you switch to iPad applications with simplistic 
interactive patterns. This means gaining some type of exercises and loosing others. 
Hopefully, this study has succeeded with illustrating the possible effects of such a 
transition.  

As the body of research comparing virtual and physical learning environments 
has grown in recent years, many researchers have concluded that it is not possible 
to determine that one is totally superior to the other [15], [18]. And even if such 
comparisons may be beneficial for gaining more knowledge about human 
cognition and learning, they are less likely to result in concrete guidelines for how 
to design learning activities and materials. Thus, it would be more interesting to 
try to optimize learning situations with a well-balanced mix of digital and physical 
materials, focusing on each medium’s benefits and limitations, and without 
overestimating students’ cognitive and self-regulatory abilities.  

Komatsu & Jones [63] for example, maintain that the interplay between paper-
and-pencil activities and DGE use can be important for the progress of 
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conjecturing and proving. In our case, since many students struggled with drawing 
proper figures, and since many researchers maintain that such skills can be 
detrimental in STEM-learning [35] it would have been interesting to combine the 
virtual and physical material. Thus, one possible structure of lessons with our 
specific material could be the following: i) Show the students the deck of cards 
and discuss the base, height and area-concept together in class, ii) Let the students 
work independently with the virtual deck of cards on screen, but draw the figures 
by hand (and/or trace the virtual shapes on translucent paper) and then mark out 
the figures’ properties by hand as well, iii) Do the same thing as in i) and ii) but 
with the frame, and iv) Show the students the physical frame and cards together 
and discuss how the areas change or do not change. 

Such a setup would not only have included more guidance and instruction but 
would also have facilitated students’ interaction – by letting them manipulate the 
representations virtually – without excluding valuable drawing exercises by hand. 
Additionally, tracing has been shown to support the encoding of spatial structure 
and proportions, while imposing a lower cognitive load than freehand drawing 
[64]. Tracing can thereby serve as an effective initial activity in early stages of 
learning. And since, in our case, tracing the shapes of the physical materials would 
be extremely difficult, the virtual interface could contribute added value to the 
learning situation.  
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Appendix A  

 

Pair 1, virtual condition  

Student 1: I think that one is true (referring to a question regarding the base in the 
card figures)  
Student 2: But you can’t measure that one like that   
Student 1: Yes, it works. It feels like the length is the same here.   
Student 2: I think it ought to be like that.   
Student 1: Yes, the base should be the same in all figures.   
Student 2: Like this?  
Student 1:  No, the cards are the same, it’s just different shapes.  

Student 1: That one is the same as that one (referring to a question about 
properties of parallel and non-parallel figures)  
Student 2: Yes, that is kind of like this…  
Student 2 clicks on the screen to answer.  
Student 1 works silently.  

The students work with questions about whether the cards can be shaped to 
different figures or not  
Student 1: Yes, that seems correct.  
Student 2: No, that isn’t possible, because it has to go that way there…   
Student 1: Yes, but I don’t think you can do that…   
Student 2 clicks on the screen to answer.  
  

Pair 2, physical condition:  

Student 1: Are all the same? (referring to a question regarding the area of the card 
figures)  
Student 2: Yes, or?   
Student 1: Probably. If that is… should we just say 4 x 8 then?  
Student 2: Yes, but perhaps we should look at the correct answer now?   
Student 1: OK, we were right, but we forgot to mark the base and height.   

Student 1: The base is always the same.   
Student 1+ Student 2: Yes   
Student 1 shows Student 2 with the deck of cards.  
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Student 1: This has the same length. Let’s just answer false on that one.   
Student 1: We were right on these... because the base, that’s just that part.   
Student 2: Yes  

 
The students shape figures with the deck of cards:  

Student 1: This goes out two units this way (refers to the squares on the paper 
sheet where they are supposed to draw their figures)  
Student 2: Then it has to end like this…   
Student 1: Yes, now it’s right. Ok, one more…  
Student 1: Can you make it totally flat? Or no, because it has to be the same all the 
time, or?   
Student 1: Let’s make this 4 and this 4 (shows with the deck of cards)  
 Student 2:  But then that one is 2 and that one is 2…  
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